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ABSTRACT:

The Ternary Quadratic Diophantine Equation given by
3x2 + 2y? = 20z2 is analysed for its patterns of non-zero distinct integral solutions.

A few interesting relations between the solutions and special polygonal numbers are exhibited.
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INTRODUTION:

The Ternary Quadratic Diophantine Equation offers an unlimited field for research because
of their variety [Andreweil,1983;Dickson,1952;Mordell,1969;Nigel,1999;Smith,1953], For an
extensive review  of  various problems, one may  refer[Gopalan etal
2000,2005, 5,2006, 2007, 5, ., 2008, 5,,2011, 2012, ;,,2013,2014]. Thiscommunication concerns
with yet another interesting Ternary Quadratic Diophantine Equation 3x2 + 2y? = 20z2 for
determining its infinitely many non-zero integral solutions. Also a few interesting relations

among the solutions have been presented.

NOTATIONS USED:

Tmn = Polygonal Number of rank n with sides m

pn = Pyramidal number of rank n with sides m
in =Jacobsthal-Lucas number of rank n
J, =Jacobsthal number of rank n

n

Method of analysis:
The ternary quadratic equation to be solved for it is non-zero solution is
3x% 4+ 2y? = 2022 e > (1)
We present below different patterns of solutions to (1)
Pattern: |

Introducing the linear transformations

x=X+2T
y=X—3T  -=----mmmmmmmmmmeee- > (2)
z =5W

in (1),we have
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X2+ 6T2 = 100W?2  —oommmmeeeeeeeev > (3)
Assume W =W(a,b) = a? + 6b* -----mmmmeemmeee- > (4)
where a, b>0
Write 100 as 100 = (2 + i4V6)(2 — i4V6)  ----mmeeeeeeeeee- > (5)

Substituting (4), (5) in (3) and employing the method of factorizations, define
(X +1V8T) = (a +iV6b) (2 + i4B)
Equating the real and imaginary parts, we have
X =2(a? — 6b? — 24ab)
T =4(a? — 6b? + ab)

Substituting the above values of X ,T and (4) in (2), the corresponding non-zero distinct

integer solutions to(1) are
x = x(a,b) = 10a? — 60b% — 40ab
y = y(a,b) = —10a? + 60b? — 60ab
z =z(a,b) = 5a® + 30b?
Properties:

(i) x(a,1) = t144 — ti9q = —28(mod 32)

(i)  x(a,1)+2z(a,1) —tyq — t124 = 0(mod 3)
(i)  x(2™m1) =10[(n— 1) — 40, — (—1)™) — 6]
(iv)  z(2"1) =5[(n — (=D™) + 6]

Note:

Instead of (5), if we write 100 as

100 = (-2 4 i4V6) (-2 — i4vV6)  —meeemee > (6)
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then , the corresponding integer solutions to (1) are obtained as
x = x(a,b) = 6a®* — 36b?* — 56ab
y = y(a,b) = —14a* + 84b* — 36ab
z =z(a,b) = 5a® + 30b?
Properties:

Q) x(a,1) —y(a,1) —40t3,1 +120 =0

(i)  x(2"1) = 6@z, — 1) =56(, — (=1D") - 36
(i) y(2"1) = —=14(j,, — 1) — 2(18 2™ — 42)
(iv)  x(a,1)+z(a,1) — ty,, = 0(mod 6)

Pattern: 11

Replace x by 2X in (1) ,it is written as

6X2+y2=10z2 = ceeemeemmeeeeeeeeee- > (7)
Write 10 as10 = (2 + iV6)(2 — iv6) Pmmmemnnenes > (8)
Assume z=2z(a,b) = a®? + 6b? = e > (9)

where a,b>0

Substituting (8), (9) in (7) and employing the method of factorizations, define
(v +iv6X) = (2 + iV6) (a +ibV6)’

Equating the real and imaginary parts , we get
X = a? — 6b% + 4ab
y = 2a%? —12b% — 12ab

The corresponding integer solution to (7) are
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x = x(a,b) = 2X = 2a® — 12b? + 8ab
y = y(a,b) = 2a® — 12b* — 12ab
z = z(a,b) = a? + 6b?

Properties:

(i) x(a,1) —tgq = 0(mod 3)

(i) y(a,1) — tg 4 = —1(mod 11)

(iii) x(2a,1) — t154, = 11(mod 23)
(iv)x(2a,1) + z(a,1) — tyg4 = 0(mod 6)
V) y(a,1) +z(a,1) — tg, = 0(mod 2)

Pattern: 111

(7) is written as

y2 =10z% — 6X?  -mmmmememmeeeeee- > (10)
Introduing the linear transformations
X=a+ 10T
N > (1)
in (1),we have
(2a)? = 240T? + y?
which is satisfied by
T=4rS - R > (12)
Q= 12072 4 282 oo --> (13)
y = 240r% — 452
Substituting «, T in (11), we have
X = 12012 + 252 4+ 40rS
x=2X =x(r,S) = 240rS? + 45? + 80rS ------------ > (14)
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z=2(r,8) = 12012 + 25% + 24rS = -meememmmeeeen > (15)
Thus, (12), (13) & (14),(15) represent the corresponding integer solutions to (1).
x=2X =x(r,S) = 240rS? + 452 + 80rS
y =y(r,S) = 240r? — §?
z=2z(r,S) = 1207r% + 252 + 24rS
Properties:

(i) x(1,5) — ty05s = 74(mod 83)

(i) x(1,5) +z(1,S) — ty05 — tes = 0(mod 6)
(iii) X(r, 1) — ty02, — tag2,r = 0(mod 2)

(iv) z(r, 1) — ti92, — tia2, = 0(mod 2)

(V) 6[x(r, )] is nasty number
Note:

Instead of (11), if we consider

X=a—10T} _____________ > (16)
z=a— 6T

then , the corresponding integer solutions to (1) are given by
x(r,S) = 24072 + 452 — 80rS
y(r,§) = 2407?% — 452
z(r,S) = 120r% + 252 — 24rS
Properties

(1) X(r,2) — taazr — tazy = 0(mod 2)
(ii) x(1,8) —z(1,S) — tg,s = 0(mod 5)
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(iii)z(1,S) — tes = 5(mod 23)
(iV)X(r,1) —y(r, 1) + z(r,1) — t112, — t132, = 0(mod 2)

Remarkable observations:

I If the non-zero integer triple (x,, vy, Zo) is any solution of (1), then each of the following

two triples also satisfies (1)

Triple: 1
(xn: Yno Zn)
where
x= =350
Yo = L{3(3)"(20 = 18(=1)"p) + 180(3)"((=1) + (~1)"2)}
1
zn = ={18(3)"(1 — (=1)"y) + 3(3)"(~18 + 20(~1)"2)}
Triple 2:
(xn» Yns Zn)
where

% = H{4(2)"(16 — 15(=1)"xp) + 160(2"((—=1) + (~1)"z)}
Yo = 2"y
Zn = %{24(2)”(1 — (_1)nx0) + 4(2)71(_15 + 16(—1)”20)}

I1. Employing the solutions (X, y, z) of (1) each of following expressions among the special

polygonal & pyramidal number is a nasty number

512 2 12
1. 30{3 [&] +2[3”£] }
t3x t3,y—2
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12 5 12
2. 30{3[”—"] +2[3”y]}
t3x t3,y+1
P_fc']z +2 [_2”5—1]2}
t3x tay—1

Conclusion:

3. 30 {3

To conclude, one may search for other patterns of solutions and their
corresponding properties.
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